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Abstract. In this paper, we prove the dg affinity of formal defor- 
mation algebroid stacks over complex smooth algebraic varieties. 
For that purpose, we introduce the triangulated category of for- 
mal deformation modules which are cohomologically complete and 
whose associated graded module is quasi-coherent. 



1. Introduction 

Many classical results of complex algebraic or analytic geometry have 
a counterpart in the framework of Deformation Quantization modules 
(see [8j). Let us mention a few of them, Serre duality, convolution of 
coherent kernels, the construction of Hochschild classes for coherent 
DQ-modules in [8], a GAGA type theorem in [7] and Fourrier-Mukai 
transforms in [T] etc. 

In this paper, we give a non- commutative analogous of a famous re- 
sult of Bondal-Van den Bergh asserting the dg affinity of quasi-compact 
quasi-separate schemes (see [U Corollary 3.1.8]). In the framework of 
formal deformation algebroid stacks, the notion of quasi- coherent ob- 
ject is no more suited for this purpose. Thus, we introduce the notion 
of cohomologically complete and graded quasi-coherent objects (qcc for 
short). The qcc objects of the derived category D{Ax), where Ax is a 
formal deformation algebroid stacks, form a full triangulated subcate- 
gory of D{Ax) denoted Dqcc(^x)- This category can be thought as the 
deformation of Dqcoh(C^x) while deforming Ox into Ax (see Theorem 
I4.2.ip . We prove that the image of a compact generator of Dqcoh(C^x) 
is a compact generator of Dqcc(^x)- The existence of a compact gener- 
ator in Dqcoh(C'x) is granted by a result of Bondal-Van den Bergh (see 
loc. cit.). Hence, the category D^cdAx) is dg affine. 

The study of generators in derived categories of geometric origin has 
been initiated by Beilinson in [2]. The results of [3] have been refined 
by Rouquier in [19] where he introduced a notion of dimension for tri- 
angulated categories. Recently, in |20] Toen generalized the results of 
Bondal and Van den Bergh and reinterpreted them in the framework 
of homotopical algebraic geometry. 
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This paper is organised as follows. In the first part, we recall some 
classical material concerning generators in triangulated category. We 
review, following [8j, the notion of cohomological completeness and its 
link with the functor of /i-graduation. We finally state some results 
specific to deformation algebroid stacks on smooth algebraic varieties. 

In the second part of the paper, we introduce the triangulated cat- 
egory of qcc objects, that is to say elements of D{Ax) that are co- 
homologically complete and whose associated graded module is quasi- 
coherent. We prove that the category Dqcc(^x) admits arbitrary co- 
products. The coproduct is given by the cohomological completion of 
the usual direct sum (Proposition I3.2.TU]) then we prove that Dqcc(^x) 
is compactly generated (see Proposition 13.3 .31 and Lemma [3. 3. 4p . Rely- 
ing on a theorem of Ravenel and Neeman (see [18] and [T5]) we describe 
completely the compact objects of D^cci-Ax) (see Theorem 13. 3. Sp . They 
are elements of D'^^^lAx) satisfying certain torsion conditions. Finally, 
we conclude this section by proving that Dqcc(^x) is equivalent as a 
triangulated category to the derived category of a suitable dg algebra 
with bounded cohomology (see Theorem 13.4. ip . 

In the last section, we study qcc sheaves on an affine variety and 
prove that the equivalence of triangulated categories between D'^^^^lOx) 
and D''{Ox{X)) lifts to an equivalence between D'^^^{Ax) and the tri- 
angulated category D'^^{Ax{X)) of cohomologically complete Ax{X)- 
modules (see Theorem I4.2.ip . 

Acknowledgement. I would like to express my gratitude to my ad- 
visor P. Schapira for his patience and enthusiasm in sharing his math- 
ematical knowledge. I would also like to thank Masaki Kashiwara for 
enlightening discussions and Gregory Ginot for his constant support. 

2. Review 

2.1. Generators and Compactness in triangulated categories: 
a review. We start with some classical definitions. See [TB], jlj. 

Definition 2.1.1. Let T be a triangulated category. Let <3 = {Gi)i(zi 
be a set of objects of T ■ One says that <3 generates T if for every 
F & T such that IIom7-(G'j[n], F) = for every Gj G and n G Z then 
F ~ 0. 

Recall that if T is a triangulated category, then a triangulated sub- 
category i3 of T is called thick if it is closed under isomorphisms and 
direct summands. 

Definition 2.1.2. Let S be a set of objects of T ■ The smallest thick 
triangulated subcategory of T containing S is called the thick envelope 
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of S and is denoted (S) . One says that S classically generates T if {S) 
is equal to T ■ 

Definition 2.1.3. Assume that T admits arbitrary direct sums in a 
given universe. An object L in T is compact z/Hom7-(L, ■) commutes 
with direct sums. We denote by T'^ the full subcategory of T consisting 
of compacts objects. 

Definition 2.1.4. Let T be a triangulated category admitting arbitrary 
direct sum in a given universe. The category T is compactly generated 
if it is generated by a set of compact objects. 

The following result was proved independently by Ravenel and Nee- 
man, see [15j and [18j. 

Theorem 2.1.5. Assume that T is compactly generated then a set of 
objects S dT'^ classically generates T*^ if and only if it generates T . 

We give an inductive description of the thick envelope of a subset of a 
triangulated category. For that purpose, we introduce a multiplication 
on the set of full subcategories of a triangulated category. We follow 
closely the exposition of 

Definition 2.1.6. Let T be a triangulated category. Let C and T> be 

full subcategories of T . Let C-kD be the strictly full subcategory of T 
whose objects E occur in a triangle of the form 

C ^ E^D^ C[l] 

where C E C and B eT). 

Proposition 2.1.7. The operation -k is associative. 

Let 5 be a set of objects of T. We denote by add (5) the smallest 
full subcategory in T which contains S and is closed under taking finite 
direct sums and shifts. 

We denote by smd(iS) the smallest full subcategory which contains S 
and is closed under taking direct summands. 

Lemma 2.1.8. If C and D are closed under finite direct sums, then 
smd(smd(C) ^ P) = smd(C ^ V) . 

Denote 

= smd(add(5)) 
{S)k = smd((>S)i^...Vc(5)i) 

" V ' 

k factors 
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(S) = [j{S),. 

k 

Then (S) is the thick envelope of S (see Definition I2.1.2p . 

2.2. Recollection on algebraic categories. In this section, we recall 
some classical facts on algebraic categories, jlO], [11], [12]. In this 
section R is a commutative unital ring. 

Definition 2.2.1. A Frohenius category £ is an exact category (in the 
sense of Quillen [ITjj with enough projective and injective objects such 
that an object is projective if and only if it is injective. 

Let a and a' in £.We denote by Af{a, a') the subgroup of Hom£:(cr, cr') 
formed by the maps that can be factorized through an injective object. 
We denote by S_ the category with the same objects as £ and whose 
morphisms spaces are the quotients Hom£:(o", cr )/A/'(cr, a ). The cate- 
gory £_ is called the stable category of £. A classical result states that 
^ is a triangulated category. 

Definition 2.2.2. One says that an R-linear triangulated category is 
algebraic if it is triangle equivalent to the stable category of an R-linear 
Frohenius category. 

Proposition 2.2.3. A triangulated subcategory of an algebraic trian- 
gulated category is algebraic. 

Proposition 2.2.4. The derived category of a Abelian category is al- 
gebraic. 

We have the following theorem from [TT] which is a consequence of 
[TU| Theorem 4.3]. If A is a dg category, we denote by D(A) its derived 
category in the sense of [lOj (note that D(A) is not a dg category). 

Theorem 2.2.5. Let £ be a cocomplete Frobenius category and set 
T = £_. Assume that T has a compact generator G. Then, there is a dg 
algebra A and an equivalence of triangulated categories F : D(A) — )■ T 
with F{A) ^ G. In particular, we have 

H"(A) ^ HomD(A)(A,A[n]) ^ Romr{G,G[n]), n e Z. 

2.3. The case of Dqcoh(C^x)- Let (X,Ox) be a scheme. We denote 
by Qcoh{X) the category of quasi-coherent Ox-Hiodules. Its derived 
category is denoted by D{Qcoh{X)). We write Dqcoh(C^x) for the full 
triangulated subcategory of D{Ox) consisting of complexes with quasi- 
coherent cohomology. 

Theorem 2.3.1 ([3|). If X is a quasi-compact and separated scheme 
then the canonical functor D[Qcoh{X)) — )■ Dgcoh{Ox) is an equivalence. 
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Definition 2.3.2. Let {X,Ox) be a scheme. A perfect complex on 
X is a complex of Ox -modules which is locally quasi-isomorphic to a 
hounded complex of locally free Ox-modules of finite type. We denote 
by Dper{Ox) C Dqcoh{Ox) thc category of perfect complexes. 

In this paper, we are interested in complex smooth algebraic vari- 
eties. We give a few properties of perfect complexes in this setting. 
Since X is an algebraic variety, X is a Noetherian topological space. 
Thus, a perfect complex in Dqcoh(C'x) is in D^^^^ii^x)- Since Ox is 
Noetherian it follows that Dper(Ox) C D|!„h(Cx)- Finally since X is 
smooth, we have D'^^^^ii^x) C Dper(Ox)- Thus, on a smooth algebraic 
variety, Dp,,{Ox) = D^^iOx). 

Recall the following theorem from 

Theorem 2.3.3. Assume that X is a quasi-compact and quasi-separated 
scheme. Then, 

(i) the compact objects in ^qcoh{Ox) clt^^ the perfect complexes, 
(a) Dqcoh{Ox) is generated by a single perfect complex. 

As a corollary Bondal and Van den Bergh obtain 

Theorem 2.3.4. Assume that X is a quasi-compact quasi- separated 
scheme. Then DgcohiC^x) is equivalent to D(Ao) for a suitable dg algebra 
Aq with bounded cohomology. 

2.4. /i-graduation. 

2.4.1. The case of ringed space. In this section, X is a topological space 
and 7^ is a Z[/i]x-algebra on X without /i-torsion. Throughout this text 
we assume that h is central in TZ. We set TZq = TZ/KIZ. We refer the 
reader to [8] for more details. 

Definition 2.4.1. We denote by gif^ : D(7^) — )• D(JZq) the left derived 
functor of the right exact functor Mod(7?.) — t- Mod(7^o) given by M. y-^ 
A4/hAi. For Ai G D(7^) we call grj^{A4) the graded module associated 
to M.We have 

L 

n 

Proposition 2.4.2. (i) Let /Ci G D(7^°P) and IC2 G D(7^). Then, 

L L 

gr;,(/Ci ® /C2) ~ grr,(/Ci) ® gr;-,(/C2). 

■R Ha 

(a) Let Ki G D(7^) {i = 1, 2). Then 

gs:f,{R'Horan{JCi,}C2)) ~ R'Hom7eo(gr;j /Ci, gr;^ /C2). 
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Proposition 2.4.3. Let X and Y be two topological spaces and f : 
X — 7- y a morphism of topological spaces. The functor gi : D(Z[^]x) — )■ 
D(Z[/j,]y) commutes with the operations of direct images R/^, and of in- 
verse images. 

2.4.2. The case of algebroid stacks. We write for the ring C[[fi]]. In 
this section Ax denotes a C'^-algebroid stack without ^-torsion. As in 
the previous subsection we refer the reader to [8j. 

Definition 2.4.4. Let Ax be a £l^-algebroid stack without h-torsion 
on a topological space X. One denotes by gr;j(^x) the C-algebroid as- 
sociated with the prestack & given by: 
Ob{e{U)) = Ob{A{U)) for an open set U of X , 
Hom6([/)(o"j o" ) = Hom^(cr, a )//?.Hom^(cr, cr ) for o", o" G A{U). 

There is a natural functor Ax E.^'^ni-^x) of C-algebroid stacks. 
This functor induces a functor 

ig : Mod(gr^^x) ->Mod(^x). 
The functor ig admits a left adjoint functor Ai — )• C ®cft M. The 
functor Lg is exact and it induces a functor 

Lg : D(gr^,^x) ^ D(^x). 
On extends the definition of gr^ by 

L L 

gr^-^A^) ~ gTf^X^x) (S) M ^ C(g) M. 

Ax 

The propositions of the preceding subsection concerning sheaves ex- 
tend to the case of algebroid stacks. Finally we have the following 
important proposition. 

Proposition 2.4.5. The functor gr^^ and Lg define pairs of adjoint 
functors (gr^„ 6g) and (ig, gr;-J-l]). 

Proof. We refer the reader to [HI proposition 2.3.6]. □ 

2.5. Cohomologically Complete Module. In this subsection, we 
briefly recall some facts about cohomologically complete modules. We 
closely follow [Sj and refer the reader to it for an in depth treatment of 
the notion of cohomological completeness. 

In this section, X is a topological space and TZ is a Z[^]x-algebra 
without n-torsion. We set 7^'°^ := Z[h, h'^] ^zih] ^• 

The right orthogonal category D(7?.'°'^)^^ to the full subcategory 
D(7^'°^) of D{TZ) is the full triangulated subcategory consisting of ob- 
jects M e D(7^) satisfying HomD(7e)(A/', A^) ~ for any J\f G D(7^'°'=). 
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Definition 2.5.1. An object M. G D(7^) is cohomologically complete 
if its belong to D(7^'°'=)^^ We write D,,{n) for D(7^'°'=)^^ 

Propositions I2.5.2[ I2.5.4[ 12.5.61 are proved in [8j. 

Proposition 2.5.2. (i) For M G D{TZ), the following conditions are 
equivalent: 

(a) M. is cohomologically complete, 

(b) RHomn{'R}'"'M) - RHomz[fi](Z[/l, /i^^], A^) ~ 0, 

(c) For any x G X, j = 0, 1 and any z G Z, 

l_iI^Ext^7J(7^'''^ff(f/,7W)) ~ 0. 

Here, U ranges an open neighborhood system of x. 
(a) Ii'Hom-ji{TZ'-'"^/TZ,Ai) is cohomologically complete for any Ai G 

D(7^). 

(Hi) For any M. G D(7^), there exists a distinguished triangle 

with M' G D(7^^°^) and M" G D,c(7^). 

(iv) Conversely, if 

M' ^M^M" H 

is a distinguished triangle with M. G and M. G Dec (7^), 

thenM - R7^om7^(7^'°^ A^) and M" ~ R'Hom7^(7^'°77^[-l], A^). 

Lemma 2.5.3. Assume that Ai G D(7?.) is cohomologically complete. 
Then 'R'Hom.'ji{M ^ M) G D(Zx[^]) is cohomologically complete for any 
A/'g D(7^). 

Proposition 2.5.4. Let M. G D(7?.) be a cohomologically complete 
object. If gif^Ai ~ 0, then ~ 0. 

Corollary 2.5.5. Let f : M. ^ M be a morphism ofDcdTV)- Ifs^nif) 
is an isomorphism then f is an isomorphism. 

Proposition 2.5.6. Let f : X ^ Y be a continuous map, and M. G 
D(Zx[^])- If M. is cohomologically complete, then so is R/^,A1. 

The following result is implicit in [8]. We make it explicit since we 
use it frequently. 
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Proposition 2.5.7. Let M. G D(7?.) such that there locally exists n G 
N, such that h^Ai ~ 0. Then M. is cohomologically complete. 

Proof. The question is local. Thus we can assume that Ax is a sheaf. 
The action of h on A''x'^ is an isomorphism thus the morphism 

ho : Rnom{A^°^,M) RHom{A^°'',M) 

is an isomorphism. The morphism 

oh : KHom{A^^', M) KHom{A^^', M) 

is locally nilpotent. Since h is central in TZ, then ho = oh. Thus, 
Rnom{A^^'',M) =0. □ 

2.6. Modules over formal deformations after [8]. In this subsec- 
tion, we recall some facts about formal deformation of ringed spaces. 
We refer the reader to [8j for DQ-modules. (Note that they are called 
twisted deformations in [21j). We refer to [9j for stacks and alge- 
broid stacks. We denote by C'' the ring C[[fi]]. 

Definition 2.6.1 ([8]). Let {X,Ox) be a commutative ringed space 
on a topological space X . Assume that Ox is a Noetherian sheaf of 
C-algebras. A formal deformation algebra Ax of Ox is a sheaf of C''- 
algebras such that 

(i) h is central in Ax 
(a) Ax has no h-torsion 
(Hi) Ax is h-complete 

(iv) Ax/hAx — Ox as sheaves of C-algebras. 

(v) There exists a base 53 of open subsets of X such that for any 
f/ G ?B and any coherent O x\u -i^odule T , we have H"(f/, F) = 
for any > 0. 

Remark 2.6.2. Clearly, on a complex algebraic variety, condition (iv) 
of the preceding definition is satisfied. 

Definition 2.6.3. A formal deformation algebroid Ax on X is a C^- 

algebroid such that for each open set U G X and each a G AxiU), the 
-algebra £ndji^^{a) is a formal deformation algebra on U. 

Let Ax be a formal deformation algebroid on X. We denote by 
Mod(^x) the category of functors Fct(^x, 93Tod(C^)). The category 
Mod(^x) is a Grothendieck category. For a module Ai over an al- 
gebroid Ax the local notion of being coherent, locally free etc. still 
make sense. We denote by D{Ax) the derived category of Mod(^x), 
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by D^{Ax) its bounded derived category and by Dl^^ii-^x) the full tri- 
angulated subcategory of D^{Ax) consisting of objects with coherent 
cohomologies. 

Definition 2.6.4. We say that an algebroid is trivial if it is equivalent 
to the algebroid stack associated to a sheaf of rings. 

From now on, we assume that X is a smooth algebraic variety en- 
dowed with the Zarisky topology. There are the following results (see 
Remark 2.1.17 of [8j due to Prof. Joseph Oesterle) 

Proposition 2.6.5. On a smooth algebraic variety X , the group H^(X, O^) 



Corollary 2.6.6. On a smooth algebraic variety, invertible Ox-o,lgebroid 
stacks are trivial. 

By the definition of the functor gr^j, it is clear that gif^Ax is an 
Ox invertible algebroid (see [8j for a definition of invertible) and by 
Corollary 12.6.61 it follows that 



We have the following results from [8j. 

Proposition 2.6.8. Let c/ G N. Assume that any coherent Ox-fnodule 
locally admits a resolution of length < d by free Ox-'modules of finite 
rank. Let Ai' be a complex of Ax-fnodules concentrated in degrees [a, b] 
and assume that H*(A^) is coherent for all i. Then, in a neighborhood 
of each x E X , there exists a quasi-isomorphism C ^ Ai' where C* 
is a complex of free Ax-fnodules of finite rank concentrated in degrees 
[a — d — l,b]. 

We have the following sufficient condition which is a corollary of more 
general results that ensure that under certain conditions, an algebroid 
stack of formal deformation is trivial (see [13j, ^Sj, [21j). 

Proposition 2.6.9. Let X be a smooth algebraic variety endowed with 
a deformation algebroid Ax ■ //H^(X, Ox) = ^^{X, Ox) = 0, then Ax 
is equivalent to the algebroid stack associated to a formal deformation 
algebra of Ox ■ 



IS zero. 



(2.1) 



gr;-,^x ^ Ox- 
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3. Q.C.C MODULES 



3.1. Graded quasi-coherent modules and quasi-coherent Ox- 
modules. We start by recalling some results concerning the derived 
category of quasi-coherent sheaves. 

Definition 3.1.1. Let M. G D{Ax)-We say that M. is graded quasi- 
coherent if gij^{M.) G DqcohiOx)- We denote by ^gqcoh{,-Ax) the full 
subcategory of D{Ax) formed by graded quasi- coherent modules. 

Proposition 3.1.2. The category D gqcoh{-A.x) is a triangulated subcat- 
egory ofD{Ax)- 

Proof. Obvious. □ 

3.2. Q.C.C objects. In this subsection, we introduce the category of 
qcc-modules. 

Definition 3.2.1. An object Ai G D(^x) is qcc if it is graded quasi- 
coherent and cohomologically complete. The full subcategory of D(^x) 
formed by qcc-modules is denoted by Dqcd-^x)- 

Since, Dqcc(^x) = Dgqcoh(^x) n Dcc(^x), we have 
Proposition 3.2.2. The category D^cc(v4.x) is a C^-linear triangulated 
subcategory of D(^x)- 



Proposition 3.2.3. If M G D^^^Ax) is such thatgi^^M G D^^^^^Cx), 
thenMeD\^t,{Ax). 



We now prove that Dqcc(v4x) is cocomplete. For that, we first prove 
that Dcc{Ax) is cocomplete. 

Definition 3.2.5. We denote by {-Y^ the functor 



Proof. It is a direct consequence of |8l Theorem 1.6.4]. 
Proposition 3.2.4. If M e D\^^^{Ax), then M G D^,,, 
Proof. It is a direct consequence of |Hl Theorem 1.6.1]. 



{Ax). 



□ 



□ 



R?/om^,((^^7^x)[-l],-) : D(^x) ^ D(^x). 



We call this functor the functor of cohomological completion. 



The following exact sequence 
(3.1) o^^x ^^x ^^xMx ^0. 

induces a morphism 



AflAx[-l]^Ax. 



This morphism yields to a morphism of functor 
(3.2) cc : id ^ (■)"". 
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Proposition 3.2.6. The morphism of functor 

gi^icc) : gr;-,oid ^ gr;,o(.)'='= 

is an isomorphism. 

Proof. We have the following isomorphism 

gr,R-Hom^^((^^7^x)[-l],A^) ^ 

KHom,,^ {gT,{A'^yAx) [-1] , gr, A^) . 

Applying the functor gr;^ to (13. ip . we obtain the following distin- 
guished triangle. 

gr,(^^^7^^)[-l] ^ gr.Ax ^ gT,A^^' ^ . 

Noticing that gr^j Ax'^ ^ 0, we deduce that the map gr;j(^^'^/ Ax) [— 1] -> 
gr^ Ax is an isomorphism which proves the claim □ 

Corollary 3.2.7. For every M E D{Ax), 

gT^^M"" ~ grn.M- 

Definition 3.2.8. Let (A^i)ie/ be a family of objects ofDcdAx)- We 

set 

(\ cc 
iei 

where ^ denote the direct sum in the category D(^x)- 

Proposition 3.2.9. The category Dcc{Ax) admits direct sums. The 
direct sum of the family {A4i)iei is given by ^A^j- 

Proof. Let (A^i)ie/ be a family of elements of Dcc{Ax)- By Proposition 
12.5.21 (ii), ^Aii is cohomologically complete. 

Using the natural transformation (13. 2p we obtain a morphism 

It remains to shows that for all J-" G Dcc{Ax), cc induces an isomor- 
phism 

(3.3) Hom^^(0A^„.F) ^ Hom^^(0 ^). 

It is enough to prove the isomorphism 
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(3.4) RHom^^(0A^„^) ^ RHom^^(0 M,, 

iei iei 

Since both terms of (13 ■4p are cohomologically complete by Lemma 
I2.5.3[ it remains to check the isomorphism on the associated graded 
map. Applying gr;^ to (13. 4p and using Lemma [2. 4. 21 (zi) and Proposition 
13.2.61 , we obtain an isomorphism 

(gr,(0A^,),gr,,J^) ^ RHomg,^^^(gr,(0Ali),gr,, 

which proves the isomorphism (13.41) . 

Moreover by definition of the direct sum, we have 

(3.5) Hom^^(0A^,,^) ^ J]Hom^,(A^,,^). 

i€l i&I 

Composing the isomorphisms (13. 3 P and (13. 5p . we obtain the following 
functorial isomorphism 

Hom^^ (0-M^, ^ n Hom^x (M^, 7) 

which prove the proposition. □ 

Proposition 3.2.10. The category Dqcc{Ax) admits direct sums. The 

direct sum of the family (A^i)jg/ is given by 0A^i. 

iei 

Proof. We know by Proposition [3231 that Dcc{Ax) admits direct sums 
and it is given by 0. Let {Aii)i^i E DqcdAx)- Then, by Corollary 

[3221 grr. ©-M^ = ©,6/ gr^M^. It follows that G Dqec(^x). □ 

iei iei 

3.3. Compact objects and generators in Dqcc(^x)- In this subsec- 
tion, we show that D^cdAx) is generated by a compact generator and 
we describe its compact objects. We start by proving some additional 
properties on the functors gr^^ and ig which are defined in subsection 

m 

Concerning ig, recall that there is a functor of stacks Ax — > gr;j(^x) — 
Ox inducing 



Lg : D{Ox) -> D{Ax) 
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Notice that Ox can be endowed with a structure of left O^-niodule 
and right Ax-i^odu\e. When endowed with such structures we denote 
it by Ox A- The module Ox a belongs to D'^{Ox ®c -^x )• Similarly we 
have aOx ^ D^(-^x ®c ^x')- When Ox is endowed with its structure 
of Ax ® ^^^-module we denote it by aOxa e D^Ax ®c )• 
With these notations, we have 

L 

gT^X-^) = OxA ® M and ig{M) = aOx ®Ox ^■ 

Ax 

Hence 

Lg o gr;^(A^) = aOx h) OxA ® M 

Ox Ax 

^ aOxa ® M. 

Ax 

Proposition 3.3.1. For every M G D((9x), 

igOgTf^OLg{M) ~ Lg{M) ® Lg{M)[l\ 

Proof. We have the exact sequence of Ax ® ^^-modules 
Ax — Ax aOxa 0. 

h L 

Thus, for every G D{Ax), we have LgOgif^{M) ~ {Ax Ax) ® M. 

Ax 

Hence, for M G D(Cx), ig o gij-^oLg{M) - Lg{M) © ig{M)[l]. □ 
Corollary 3.3.2. If M E D,,,,,{Ox), then Lg{M) G D,,,{Ax). 
Proof. Let M is in Dqcoh(C^x) and consider gTf^ oLg{Ai). We compute 

}l\gT,OLg{M)). 

ig i}l\gT,OigiM)))^Ii\igOgT,0,g{M)) 

c^}i\igiM)(BLgiM)[l]) 

- ig{}r{M)®'ii'^\M)). 

The functor tg : Mod(C»x) Mod(^x) is fully faithful thus 

thus tg{^A) is in Dgqcoh(-^x) and it is cohomologicaly complete by 
Proposition 12. 5. 71 □ 

Proposition 3.3.3. If Q is a generator of Dgcoh{Ox) , then ig{Q) is a 
generator of Dgcd^x) 



14 FRANgOIS PETIT 

Proof. By Proposition [3321 hi^) is in D^cc{Ax)- Let M G Dqcc(^x) 
with RHom^_y (tg(^), A^) = 0. By Proposition I2.4.5| we have 

RRom^^{i,{g),M) ~ RHomo^(6;,gr,(A^)[-l]). 

Thus, RHomo^(e;,gr,(A^ )[-!]) and gr,(A^)[-l] is in Dq,oh(Ox) 
thus gr;j(A1)[— 1] — 0. Since M. is cohomologically complete, M. — 
0. □ 

, , L 

Lemma 3.3.4. If T E D°„^(^x) satisfies Ax ® ^ = then T is 

Ax 

compact in Dqcc{.Ax)- 



Proof. Let {A4.i)i^i a family of objects of Dqcc(^x)- By adjunction in 

L 

® 
Ax 

Hom^^(^,0Al,) ~ Hom^^((^^^7^x)[-l] ® ^,0A^. 
In Mod(^x ® -^x)' have the exact sequence 



between (^^7^x)[-l] ® ■ and R'Hom^_^(^^7^x)[-l], ■)> we have 

L 



^ ^ ^ ^x7^x ^ 0. 
Tensoring by J-", we obtain the distinguished triangle in D{Ax) 



A^x/Ax[-l] ® T Ax®T A^^^®7- 



Ax Ax Ax 

L , L 

Since (g) J" = 0, Aix I Ax{~^\ ® J" is isomorphic to 7. It follows 

Ax Ax 

that 



(3.6) Hom^^(^,0>l,) ^ Hom^^(^,0A^,). 

iG-f iG/ 

The module T belongs to \)\^^{^Ax)- Using Proposition I2.6.8| and 
the fact that X is a Noetherian topological space, we have 

(3.7) Hom^^ (^, A^,) ~ Hom^, (^, M^) 

iei iei 

which together with (13.61) prove the lemma. □ 

Corollary 3.3.5. //J-" is compact in DqcohiOx) then Lg{J-') is compact 
m Dqcc{Ax)- 
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Corollary 3.3.6. IfQ is a compact generator ofDgcohiOx) then Lg{Q) 
is a compact generator of Dqcc{Ax)- 

Corollary 3.3.7. The category ^qcc{-Ax) is compactly generated. 

Proof. By Theorem 12 . 3 . 3 1 due to Bondal and Van den Bergh, Dqcoh(C'x) 
has a compact generator. Then, the claim is a direct consequence of 
Corollary □ 

Theorem 3.3.8. An object M. of ^qcc{-Ax) is compact if and only if 
M e D^^^i^iAx) and A^^^ M = Q. 

Proof. The condition is sufficient by Lemma I3.3.4[ Let ^ be a com- 
pact generator of Dqcoh(C^x)- By Theorem I2.L5[ we know that the 
set of compact objects of Dqcc(w4.x) is equivalent to the thick envelope 
{Lg{Q)). Let us show that if G {Lg{Q)) then J" e Dl^^{Ax) and 
®Ax = 0. We will proceed by induction. 

Recall that {ig{Q))i = smd(add(ip(^)) (cf. subsection 12. ip where 
smd(add(tg(^)) denote the smallest full subcategory of Dqcc(^x) con- 
taining a.dd{Lg{Q)) and closed under taking direct summand. The cat- 
egory a.dd{Lg{Q)) is the smallest full subcategory of Dqcc(^x) which 
contains Lg{Q) and is closed under taking finite direct sums and shifts. 

It is clear that if J" G add(ig(^)), then J" G Dl^^{Ax) and Ax"" 
J-" = 0. If J-" G smd(add(ig(^))), then there exist G smd(add(ic,(^))) 
such that TfSM e add(tg(^)). Hence, ^^'^ O^^, J" = 0. We still need 
to check that for every i G Z, H*(J-') G Modcoh('^x)- The question is lo- 
cal, so we can choose an open set U of X such that is trivial. The 
sheaf is a direct summand of the coherent sheaf H.\{J^(BAi)\u) 
and Ax is a Noetherian sheaf (see subsection 1.1 of [8j for a definition) 
thus is coherent. 

Assume that for every k < n, {Q)k is a subcategory of D\^^{Ax) and 
that for every 7 G (^)fc, A^x®Ax -7^ = 0. Let J" in (^)„+i. By Lemma 
1^X51 {g)n+i = smd{{g)n * {g)i). since Dl^^iAx) is a triangulated 
category, the induction hypothesis implies that {Q)n-k{Q)i C ^lohi-^x)- 
It follows that J-" is a direct summand of an object of the category 
{g)n ^{Q)i- Then, 7 G ^lo^{Ax) and ®_a^ = 0. □ 

3.4. DG Affinity of DQ-modules. In this subsection we prove that 
category of qcc DQ-modules is DG affine. 

Theorem 3.4.1. Assume X is a smooth complex algebraic variety en- 
dowed with a deformation algebroid Ax- Then, ^qcc{Ax) is equivalent 
to D(A) for a suitable dg algebra A with bounded cohomology. 
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Proof. By Proposition 13.2.21 Dqcc(^x) is a C'^-linear triangulated sub- 
category of D{Ax) which is algebraic by Proposition 12.2.41 It fol- 
lows, by Proposition 12.2.31 that Dqcc(^x) is algebraic. By Proposition 
13.2.101 Dqcc(.Ax) is a cocomplete category. Moreover, by Corollary 
13.3.61 Dqcc(^x) has a compact generator Q. It follows from Theorem 
I2.2.5l that Dqcc(^x) is equivalent to the derived category of a dg algebra 
A such that 

H"(A) ~ }iomA^{Lg{g),Lg{g)[n]), n e Z. 

Using the adjunction between tg and gr^j]— 1] and [U Lemma 3.3.8], we 
get that the cohomology of A is bounded. □ 

4. Q.C.C Sheaves on affine varieties 

We assume that X is a smooth algebraic affine variety. In view of 
Proposition 12.6.91 we assume that Ax is sheaf of formal deformations. 
We set A = T{X,Ax), B = T{X,Ox) and ax : X ^ {pt}. As usual 
we denote by Ax (resp. Bx) the constant sheaf with stalk A (resp. B). 

4.1. Preliminary results. 

Lemma 4.1.1. The Ax-module Ax is flat. 

Proof. It is a direct consequence of |8l Theorem 1.6.5]. □ 

Lemma 4.1.2. Let f : X Y be a morphism of varieties and let 
M e D(/-Uy) then 

Rf^M"" ~ {Rf.My m D{Ay). 

Proof. It is a direct consequence of [8, 1.5.12] □ 

We recall the following classical result. 

Lemma 4.1.3. Let M G D^{B). The canonical morphism 

(4.1) M ^ RT{X, Ox ®Bx ax^M) 

is an isomorphism. 

Proof. If M is concentrated in degree zero, the result follows directly 
from the equivalence of categories between Qcoh{Ox) and Mod(i?). 
The result extends immediately to the derived category because Ox®Bx 
■ is an exact functor and because Rr(X, ■) is exact on Qcoh{Ox) since 
X is affine. □ 

If 7^ — )■ 7?.' is a morphism of sheaves of rings, we denote by for^i the 
forgetful functor from D^(7^') to D^{1Z) and gr^ the functor D(C^) — )■ 

D(Cx), M^Cx®M. 
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^ '-\b 



D 



for 



Ax 

Ax 



x) 

h(irh 



foroy 



for""" 



foTBx 



X 



is commutative. 

(a) The six forgetful functors for'^^}^ commute with Rr(X; •). 

Proof, (i) We start by proving that forox ° S^n — S^n °f^''^Ax- Let 
M e D\Ax)- We have 

L 

forox o grn(>^) = Ox ^ M 

Ax 
L L 

C' Ax 
C^C^foTAxiM) 

~gr^ oforAxiM). 
The other commutation relations are obvious and are left to the reader. 

(ii) Let us prove (ii) for for^^. The other cases being similar. The 

functors /or^^ : Mod(Cx) ^ Mod(5x) is exact since Ox is flat over 
Bx and this functor is right adjoints of an exact functor. Thus it 
preserves injective resolution. □ 

Proposition 4.1.5. Let M. G D'^{Ax)- Then, there is an isomorphism 
in D{B) 

gT^RT{X,M)^RT{X,gr,M). 
Proof. Notice the claim is true when Ai G D*(C^). Indeed, the functor 
gr^ : D''(C'*) D''{C) is given by d • where Cx is in D''{Cx^Cx'^x) 
that is to say in D^(C|-). In the category D''(C^), Cx admits a free 
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resolution eriven by 4 C|. Thus we can apply the projection 
formula and we get the isomorphism 



p : C®Rax*M Rax*iCx ® M). 

We denote by fovQ^ the forgetful functor from D^{Ox) to D^(Cx)- In 

(g) M, gT^"" M for Bx ® . 

Ax Ax 



L „ L 

this proof, we write gr^A^ for Ox ® -M., gi^^ ^ Ai for Bx ® M. and 



grf M for S ® M with M e D\A) . 

A 

L L 

By restriction, there is a morphism Bx ® — !■ Ox ® Ai. It induces 

Ax Ax 

a morphism 

Homs^ (/org (gr;,M), for^^igi^^M)) 

(4.2) HomB,(gr^- M, /org(gr, Al)). 

The coevaluation Ilax*Ai Ai oi the adjunction between 
and R ax* induces a morphism 

Hom^^ (grf ^ , for^^ (gr^ M)) ^ 

(4.3) Homs,(gr^-(a^i Rax*-M), /org(gr,.M)). 

The adjunction between a^^ and Rr(X, ■) gives the following isomor- 
phism 

Homs^ (gr^^ {a^^RaxM), for^^ {gr^ M)) - 

(4.4) Homs(grf Rr(X, A^), Rr(X, /org (gr, Al))). 
and by Proposition 14.1.41 (ii). there is an isomorphism in □''(5), 

Rr(X, /org (gr,A^)) ^ Rr(X,gr,Al). 

Hence, the image of the identity by the composition of the maps (14. 2p . 
(14. 3 p and (14. 4 p leads to a morphism 

pr : BhRT{X,M) Rr(X,gr;,Al) 

A 

such that foTBipr) = p. Since fors is conservative, pr is an isomor- 
phism. □ 

4.2. Q.C.C sheaves on afRne varieties. We define the two functors: 
$ : D'^^Mx) ^ DL(A), ^M) = Rr{X,M) 

and 

^ : DliA) ^ DlMx), ^(M) = {Ax ^Ax ax'Mr. 
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Theorem 4.2.1. Let X be a smooth affine variety. The functors $ 
and ^ are equivalences of triangulated categories and are inverses one 
to each other and the diagram below is quasi- commutative 



Rr{x,-) 



Proof Let M E D°^^(^x). By definition, 



L 



^ o ^M) = KHom^^iiA'^yAx) [-l],Ax ® Rr(X, M)). 

A 

By adjunction, we have the morphism of functor a^^ o Ra^* — > id. It 
follows that we have a morphism a^^ RF (X, Ai) ^ M.. Tensoring by 

L 

Ax ® ■ we get 

A 

(4.5) Ax ^Ax (hi Rr(X, M) Ax ®Ax M. 
Moreover, 

Hom^_y(^x ®Ax M,M) ^ Rom a{M, Horn Ax, M)) 

~ Hom^(A^, A^). 

Consequently the image of the identity gives a morphism Ax ®Ax 
^ Ml. By composing with (14. 5p . one obtains a morphism 

Ax <S)Ax (hi Rr(X, M)^ M. 
Applying the functor (■)'^'^ to the preceding morphism we obtain 

{Ax ®Ax (hi Rr(x, M)Y' ^ M'^ 

Since M. is cohomologically complete, M.'^'^ ~ ]\A. Thus 

(4.6) {Ax ®Ax (hi Rr(^, -M))'' ^ A^- 

Applying gr;^ to the preceding formula, and using the well known equiv- 
alence 

Rr(x,-) 

we obtain the isomorphism 

Ox ®Bx Rr(X,gr;,M) ^ gr,M. 
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Since {Ax ®Ax o-^^^ Rr(X, A^))'^'^ and JH are cohomologically com- 
plete modules, it follows that (14. 6 P is an isomorphism. 

Let M e D[;^(A). By definition, 

$ o ^(M) = Rr(X, {Ax Ox M)")- 
and using Lemma 14.1.21 we get that 

$ o ^(M) ~ (Rr(x,^x M)y\ 

We have a morphism 

Rax* Ax ®Ax M Rax*{Ax ®Ax ax^M). 
Since X is affine we obtain Iiax*Ax — A thus 

M Rr(X,^x ^Aj, M). 

We have a map 

(4.7) W (Rr(X, Ax ®Ax M))^". 
Applying the functor gr;,, we obtain 

(4.8) gr, M ^ Rr(X, Ox ^b^ gr, M). 

Using Lemma HTLSI we deduce that the map (14. 8 P is an isomorphism. 
It follows by Corollary 12. 5. SI that the morphism (14. 7p is an isomorphism. 
This proves the announced equivalence. □ 
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